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Abstract. A periodic homogenization result of nonconvex integral function- 
als in the vectorial case with convex bounded constraints on gradients is proved. 
The class of integrands considered have singular behavior near the boundary 
of the convex set of the constraints. We apply the result to the case of periodic 
homogenization in hyperelasticity for bounded gradients of deformations. 



1. Introduction and main results 

Let TO, d > 1 be two integers. Let C be a nonempty open bounded domain 
with Lipschitz boundary. We consider the homogenization problem of integral 
functionals 4 : M™) [0,+oo] given by 

(LI) I,{u) = J w(^^,Vu{x)^dx 

where e > is a (small) parameter. The integrand W : R"^ x M'"^'' — > [0, +oo] is 
Borel measurable, ^-periodic with respect to its first variable with Y =]0, with 
jyjmxd (jgjiotes the set of to x d matrices. For any x e M'*, we denote by domW{x, ■) 
the effective domain of W{x, •), i-e., domM^(x, ■) = g_M"^^ : W{x,^) < +oo}. 
We are interested in integrands satisfying domVl^(a;, •) C C for all a; S R"*, where C is 
the closure of a convex bounded set with nonempty interior. Since the boundedness 
of C, the sequential weak* convergence in W^'°°{^1; R™) is the natural convergence 
for the homogenization of integrals (jl.ll) . 

For scalar problems (when minjd, to} = 1), periodic homogenization problems 
with convex constraints were studied by several authors, see for instance |CDA02] . 
The classical periodic homogenization results for integrals (jl.ll) in the vectorial case 
(when min{(i, to} > 2) require polynomial growth conditions on the integrands, 
which do not allow us to deal with constraints on gradients. However in a recent 
paper |AHLM09] . motivated by taking gradients constraints arising in hyperelas- 
ticity into account, we proved a homogenization result with constraints of type 
det Vw ^ 0. With the same motivations and drawing conditions on the determi- 
nant of gradients in hyperelasticity, we consider assumptions (see Subsection II. ip 
which allow singular behavior of W near the boundary dC of C, of type 

lim W(-,f) = +00. 

In this perspective we give in Section [5] an application to homogenization problems 
satisfying some natural conditions on determinant of gradients. 

1.1. Main results. Let C C M™^"^ be a bounded convex set with nonempty in- 
terior. To simplify our statements we assume throughout the paper that G intC, 
where intC is the interior of C. Let W ■.'R'^ x M™^'* [0, -l-oo] be a Borel measur- 
able function F-periodic with respect to its first variable, such that domW(x, •) C C 
for all X e M''. We consider the following assertions: 
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(Hi) W is radially uniformly upper semicontinuous on its domain, i.e., for every 
e > there exists 77 > such that for every x £ M'', every ^ G domW{x, •) 
and every t e [0, 1[ 

l-t<T] =^ W{x, t£_) < W{x, + e; 

(H2) W is locally bounded in intC, i.e., sup{T^(-,0 ■ ^ K} e L'^^^i^'') for all 

compact sets K C intC; 
(H3) W is singular at dC, i.e., for every s > there exists a compact set Kg C 

intC such that for every x S R"* 

M{W{x,0-(eC\K,} >s. 

Remark 1.1. If (H2) holds then intC C domVK(a;, ■) cC a.e. in R''. If (H2) and 
H3) hold then domW{x, •) intC a.e. in R''. 

We state some properties of convex sets. 
Line segment principle {l.s.p.) |RW98[ Theorem 2.33]: Let C C M™^'' be a 
bounded convex set with G intC. Then 



intC ^ intC, intC = C, and tC C intC for all t e [0, 1[. 

We say that {/e}e>o T-converges to /hom : R'") — > [0,+oo] with respect 

to L^{n;R"') -convergence as e ^ 0, if for every u e W'^'°°{n;W"') 



T-liminf > /hom(u) and T- lim sup 4 (w) < homiu), 



where 



F-liminf I^(u) ~ inf < liminf : it^ — )■ it in > , 
F- lim sup /e (w) = inf < limsup/e(Me) : — > u in > . 
Define -HI^ : M™^'^ ^ [0, +00] by 

•HM^(C) = inf i-inf ( / W{x,i^ \!(^{x))dx : </) £ T4^(}'°°(nr; R" 
Here is the main result of the paper. 

Theorem 1.1. Assume that (Hi), (H2) and (H3) hold. Then {I^}^^o T-converges 
to /hom with respect to L^{fl;W^)-convergence as e — )■ 0, where for every u £ 
W^i'°°(f7;R™) 



l)= I Whom (Vm(x)) dec 



and 



Whom = HW, 



where HW is the lower semicontinuous envelope ofHW. 

We have also a version of Theorem ll.ll with Dirichlet boundary conditions. Given 
any bounded open set D C M.'^ with \dD\ = 0, we set W^'°°{D;W^) = {(ys 6 
Wi>°°(D;R'") : = on ^D}. Define : Wi'°°(r2;R™) ^ [0, +cx3] by 

■ , yy (-,Vu{x)) dx if M e Wo'°°(f7;R™) 

+CX) if ue Wi'°°(f7;R'")\Wo'°°(f7;R™). 
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Theorem 1.2 (Dirichlet boundary conditions). Assume that (Hi), (H2) and (H3) 
hold. Then {Je}e>a T-converges to Jhom with respect to L^(rt;M™')-convergence as 
£ — i> 0, where 



Jhomiu) 



Whom ( Vu (x) ) i/ u e Wo ' °° (rj ; R™ ) 



if uGM^i'°°(rJ;R'")\Wo'°°(rJ;]R") 



and Whom = HW. 



We say that a function g : M™^'* [0, +00 [ is quasiconvex at ^ 6 m™^'' if it is 
Borel measurable and 



g(0=inf||^ 



5(C + V(/.(x))dx:(/.eW^J'°°(r;R™) 



where Y =]0,1['^ is the unit cube in M'^. If g is quasiconvex at every ^ G M™^'' 
then (7 is said quasiconvex. If g is quasiconvex then it is continuous (see for instance 
Dacorogna jPacOSj l. 

Let us define by Q/ : M™^'^ ^ [0, +00] the quasiconvex envelope of / : M™^"* ^ 
[0, +cxd] given by 

Q/(0 = sup {5(0 : 9 ■■ M'"'"'' ^ [0, +cx)[ is quasiconvex and g < f} . 

Note that Q/ is lower semicontinuous as pointwise supremum of continuous func- 
tions and satisfies for all ^ G M™^"* 



QfiO = mf 1^ Q/(e 



+ V0(a;))da; : <j> S I^o^^°°(y; R™) 



We denote the space of continuous piecewise affine functions from D to R'" by 
Aff(Z);R™), i.e., ip G AfF(D;K"') if and only if ip is continuous and there exists a 
finite family {Di}i^i of open disjoint subsets of D such that \dDi \ = for all i G /, 
\D \ Uig/A| = and for every i e I, Vip = in Di with £,i G M™^'^, and we set 
Afro(D;R™) = {(^ G Aff(D;R") : p = on dD}. 

Let / : M™^'^ ^ [0, +cx)] be a Borel measurable. Define Zf : M"^'' ^ [0, +00] 

by 

(1.2) ^/(0 = inf |^/(e + VV'(x)) rV'S Affo(y;R™) 

Lemma 1.1 f lAHMOSQ . If Zf is finite then Qf = Zf. 

Lemma 1.2 f [Fon88j ). The function Zf is continuous in int(dom2^/). 

The following representation result is the main ingredient for the proof of The- 
orem 11.11 More precisely, items |(i)[ (ii) and (iii) are used in the proof of the 
F-lim inf le (see Subsection 14. 1|) . and (iv) is used in F-lim sup^_^o ^£ (see Sub- 
section Ol • 



Theorem 1.3. Assume that (Hi), (H2) and (H3) hold. There exists a nonde- 
creasing sequence of functions {M^„}„gN* such that for any n G N* the function 
Wn '■ R'^ X M™^'' — ^ [0, -+oo[ is Borel measurable, Y -periodic with respect to its first 
variable and satisfies 

(i) there exists a„ > such that W„(a;,^) < (1 + |CI) o-C- in and ^ G 

(ii) Wn{x,C) < M^(a;,0 for all x G M'' and all ^ G M"^''; 

(iii) sup„gN. -HVF„(0 = WV{0 for all ^ G M™^'*, where WV is the lower 
semicontinuous envelope of HW ; 
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(iv) it holds nW = QnW = ZnW where 



lim znwitn if^edc 

[04[9t-^l 



+00 othe 



Let h : M™^'' — >■ [0,+cx3] be a Borel measurable function. We say that h is p- 
sup-quasiconvex if there exist p G [1, +oo[ and a nondecreasing sequence 
/i„ : M''"^'' ^ [0, +00 [ such that 

(i) hn is quasiconvex for aU n 6 N; 

(ii) for every n G N there exists a„ > such that < a„(l + |^|'') for aU 

(iii) for every ^ e M™^'* 

sup{/i„(0 : n G N} = h{C). 

It is easy to see that if h is p-sup-quasiconvex then it is lower semicontinuous as 
pointwise supremum of continuous functions and satisfies 



Me)=inf|^ 



h{^ + V(l>{x))dx : G Wo'°°(r;R™) 



for all ^ G M™^''. Tartar |Tar93) has shown that there exist quasiconvex functions 
which are not p-sup-quasiconvex for any p. From Theorem 11.31 we deduce 



Corollary 1.1. Under the same assumptions of Theorem ll.Sl HW is 1-sup-quasi- 
convex. 

Proof. Since Theorem [01[(i)| for every £_ G M™^'' and every n G N* 
nWniO < I Wn{x,£,)dx < a„(l + lei). 



From Theorem 13.11 each HWn is quasiconvex and by Theorem 11.31 (iii) it follows 



that TiW is 1-sup-quasiconvex. □ 

1.2. Organization of the paper. In Section [2j we show an application of our 
results for homogenization problems in hyperelasticity with bounded gradients of 
deformations. Section [3] is concerned with "semi- homogenization" of periodic inte- 
grals with linear growth in VF^'°°(r2; R™). This provides us, among other things, 
that Hf is quasiconvex when / is of linear growth. The proof of Theorem 11.11 is 
divided into two steps. The proof of the F- lim inf ^£ follows easily by using 
Theorem 11.31 and Theorem 13. II The proof of the F- lim supj_^o is more classical, 
we use approximation result for Lipschitz functions by continuous affine piecewise, 
and one lemma on Zf which is developed in our previous papers (see for instance 
[AHMOSj V In Section [5] we are mainly concerned with establishing some proper- 
ties oi T-LW and ZTLW. The proof of Theorem 11.31 is achieved by adapting some 
arguments of Miiller [Miil99) to our case. 

2. Periodic homogenization in hyperelasticity for bounded gradients 

OF deformations 

The goal of this section is to show that, by using our results, we can take account 
of the natural determinant conditions of hyperelasticity in homogenization problems 
with bounded gradients of deformations. 
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We assume that m — d. Let A G L^^{M.'^) be an F-periodic function satisfying 
for some c > 

essinf A{x) > c. 

Define / : M'*^'* ^ [0, +oo] by 

[ +00 otherwise, 

where B{I) ^ e M''^'^ : |C - /| < 1}, and 
o g ^ C{B{I)) is continuous and 5 > 0; 

o h :[{), 1[— > M+ is convex, and h{t) > C (^jzzf^ — 1^ for all t e M+, for some 



a > 0,C > 0. 



The open ball is contained in M'^/''' = e M''^'^ : det^ > 0}. Indeed, by 

using the infinite sum ^ ~ J2t^(^ ^ 0\ it is easy to show that if |^ — /| < 1 
then / — (/ — ^) = ^ is invertible with inverse C. Then with the same arguments, 
I — t{I — ^) is invertible for all t G [0,1[. The continuous function [0,1] B t t-^ 
det(/ - t{I - 0) = a(i) is such that a(0) = 1 and a{t) ^ for aU t e [0, 1], it 
follows that a{t) > for all t e [0, 1], and in particular det ^ > 0. 

We consider the integrand R'' x M'*'''' 9 (x,^) i-> W{x,() = A{x)f{Q with 
A and / as above. Proposition 12.11 below shows that if W is the stored energy 
density of a periodically heterogeneous material, it satisfies the natural requirements 
of hyperelasticity, i.e., non-interpenetration of the matter and the requirement of 
infinite amount of energy to compress finite volume into zero volume. However, only 
"small" gradients of deformations around equilibrium configuration are allowed. By 
choosing a very large, any stored energy density g is almost not modified around the 
equilibrium configuration. Thus it is possible to consider a large range of nonlinear 
models by specifying g and by adding the "singular" perturbation h(\ ■ — /|). 

Proposition 2.1. The function W is a Caratheodory integrand and satisfies for 
every x G K'* 

domW^(a;, •) C MJ?'"^ and lim W{x,^) = +00. 

det ^—^0 

Proof. Since h is convex finite in [0, 1[ and 

lim h{\^-I\)>c( lim ^} ^, -l)=+oo, 



it follows that the function 



h{\^^l\) ifeeB(/) 

+00 otherwise. 



is continuous. Thus is a Caratheodory integrand. 

We have domW^(x, •) = B{I) C M^'''' for all x G R"^. Let {C„}„eN C B{I) such 
that det.^„ as n -> +00. There exists a subsequence {Ccr(n)}neN and ^ G B{I) 
such that ^CT(n) — C as ri — > +00. By continuity, det^ = which implies — /| = 1. 
Thus for every x G M*^ 

liminf W{x, f„) > cC lim — - cC = +00, 

n-i.+oo n— S- + 00 1 — — i|" 

hence lim W(x,£) — +oo. □ 

det5->0 
5GdoinW(a;,-) 
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Theorem 2.1. Define E, : W^'°°{n:R'^) [0,+oo] by 



+00 



ifipeW^^°^{n;R'^)\(^li + Wo'°°{n;R'')'^ 




The junctionals {ii'e}e>o T -converges to -Ehom with respect to L^{0,] R'^)- convergence 
as £ — > 0, ivhere 

VFhom(V(^(x))dx if + W^-°"{n;R^) 

+00 if ip eW^-°°{n;R'^)\(^li + W^'°°{n;R'')y 

+00 

Moreover Whom is continuous and satisfies 

B{I) = domWhom C Mi^'^ and lim Whom(0 = +00. 

dot ^— fO 

Proof. We need the following result for the proof of Theorem 12.11 

Lemma 2.1. Let : VL x M'^'^'^ [0, +00] he defined by Wo{x,^) = W{x,^ + I) 
for all eilx M"^''. Then Wq satisfies (Hi), (H2) and (H3). 

Proof. Let us prove that Wq satisfies (Hi). We have domWo{x, ■) — B{Q) for all 
X e R''. Let e > 0. Since g is uniformly continuous on B{I), there exists S > 
such that for every ^ € B{0) and every is [0, 1[ 

(2.1) i-t<S^git{^ + I))<g{^ + I) + e. 
Set 

mm{S,j^} ifMO)>0 

s if ;i(o) = 0. 

Since h is convex, for every ^ G -B(O) and every t G [0, 1[ such that 1 — t < rj 

(2.2) Mli^l) < i/i(|e|) + (1 - t)h{0) < km + e. 

Using (El]) and (E^), Wq satisfies (Hi). 

Let K C B{0) be a compact. The function Wq satisfies (H2), since g{- + I) is 
bounded on K, h{\ ■ |) is convex and finite then bounded on K. 

Let {tn}n>i C [0, 1[ be such that i„ 1 as n — > +00. It holds 

inf _ Wq{x, 0>cC\ inf _ - A > cC ( 1 

5es(o)\t,.s(o) \?ei3(o)\t„B(o) 1 - Kr / Vl-^« 

Since lim„_j.4.oo(l — i")^^ = +00, it is easy to find a subsequence {trj(^n)}n>i C [0, 1[ 
such that for every n > I 

1 n 

> 



1 - , - cC 

thus, by taking account of Lemma 15. II (v) (H3) holds. □ 
By translation, E^{-) — E^{- + li) for all e > 0, where 

Wo Vu(a;)) da; if w e Wq '°°(f^; M^) 



-00 if ueW^'°°{n;R'^)\Wo'°°in;R'^). 



Using Lemma 12.11 together with Theorem 11.21 we obtain 

r- hm £;,(•) = r- lim i?0(- + /,) = El^i- + li). 

E— >0 e— >0 
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Set £^hom(-) — ^hom(' + ^-f)- By Corollary [521 W^hom is quasiconvex, continuous and 
for every ^ e M"^^"* 

Using the same arguments as in the proof of Proposition 12. 11 we obtain 



lim Whom(0 +00 and domWiiom C 

dctJ-i-O 
jGdomWhom 



□ 



Remark 2.1. Let {(pe}E>o C W^'°°{V,; K™) be a sequence satisfying sup^^o ^eife) < 
+00. Using similar arguments as Subsection 14.11 ftake Remarks 14 . 1 1 into account if 
n is not connected), it is easy to deduce that there exists a subsequence such that 
ip^ ^ip in ii(fi;R"). By TheoremO it follows that ip G li + Wq '°°(rj; R'") is a 
minimizer of /hom and dot > a.e. in ft. (From [Pou83[ Proposition 3.6], we 
also have that (p : fl ^ y^i^) is an homeomorphism.) 

3. SeMI-HOMOGENIZATION of integrals with LINEAR GROWTH IN 

W^i'°°(17;R™) 

Here the goal is to prove F-convergence of periodic integrals with linear growth 
in W^'°°{rt;W^) with respect to weak* convergence in VF^'°°(r2; R™). Since linear 
growth on the integrands are not compatible with the natural coercivity assump- 
tions in W^'°°{V,;R"^) (the integrands should be infinite outside a bounded subset 
of M™^"^ to expect to have compactness of e-minimizing sequences) we have a non 
complete F-convergence result. 

For any F £ M™^'', we denote by Ip the linear function given by If{x) = Fx 
for aU X € R'*. Let 17 C R"^ be a bounded open set. Let / : R'^ x M™^'' [0, +oo] 
be a Borel measurable function. Consider the following assertions: 

(i) x^ fix,0 is r-periodic for ah ^ G M'"^''; 

(ii) there exists c> such that f{x, < c(l + |CI) for aU (x, ^) G R'' x M'"^''. 
For any r £ [0, +oo], define Gr : VFi'°°(f7; R") ^ [0,-|-oo] by 

Gr(u) — inf < liminf / / ( — , Vu^ ) dx : ^ u in W^'^ and sup ||Vue||oo < ^ 



dx : u in W '°° and sup ||VMe||oo < r 

e>0 



For any r £ [0, +oo[, define Hr : M^i'°°(f7; R") [0, +oo] by 

Hr{u) = inf < lim sup / / ( — , Vu^ ) 
L e^o Jn ^£ ' 

For any r e [0, +cx)] and every ^ e M™^'' set 

H./(0 = inf ^ inf I / /(x, ^ + V(/.(x))dx : G ty(}'°°(nr; R™), ||V0||o, < r 
Note that Hoc/ = 'H/. 



Theorem 3.1. Assume that (i) and (ii) hold. For every u G W^'°"{Vl\W^) and 
every r G [0, +cxd] 



(3.1) G^(w) > / nf{Vu{x))dx; 

Jn 

For every u G Aff(i7;R'") and every r G [0, +oo[ 

(3.2) i/r+||v«||^(") < / 'Hrf(yu{x))dx. 

Jn 
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Proof of (I3.ip . It is enough to prove Goo{u) > jQT~l-f{'Vu{x))dx for all u S 

We use the technique of localization and blow-up (see for instance |AM04| ). Let 
{e}e>o C]0,+oo[ be such that lim^^os = 0. Let {uJe>o C W"i'°°(l]; K™) be 
such that Ui; ^ u in W^'°°{V,;M."^). By compactness imbedding theorem, for a 
subsequence (not relabeled) 

(3.3) sup II Vuelloo < +00 and lim ||ue — u||oo = 0. 

Without loss of generality, we can assume 

liminf / f ( — ,\/Us{x)] dx ~ lim / / ( — , Vue(x) ] da; < +oo. 
Let {/i£}e>o be a sequence of nonnegative Borel measures defined by 

Ai£ = / (-;'^"£(-)) '^^Va 

where dx\ji is the Lebesgue measure on fi. We have sup^^Q /ie(ri) < +00 and then 
there exists a subsequence (not relabeled) such that [i^ ^ weak* in the sense of 
measures. By the Radon- Nikodym decomposition [i = gdx [o + fis where g & (O) 
and fj,s is a nonnegative Borel measure singular with respect dx [ji ■ We claim that it 
is enough to prove g{-) > H/(Vu(-)) a.e. in fi, indeed by using Alexandrov theorem 

liminf / / ( — , Vu^(x)] dx =^ liminf ii^i^) ^ l^i^) 

> / g{x)dx > / Hf{Vu{x))dx. 



Let Bp{x) = X + pY be the ball with center x ^Q, and radius p > 0. By differenti- 
ation of measures we have 

(3.4) g(^)^iinr /f^^i(^a.e. ina 

Fix xo e such that (|3.4p is satisfied. By Alexandrov theorem we have 

(3.5) 5(xo) = lim lini ] [ f (-,Wu^{x)) dx. 

P^Oe^O \Bp{xo)\ JBp(a:„) > 

Let p > 0. Let uq G Aff (i3p(a;o); M™) be given by ^0(2:) = u(xo) -I- ^vu(£i;o)(^ ~ ^o)- 
Let 8 e]0, l/2[. Let = ,^&u, + (1 - (\>i)uQ e Zvu(.„) + T4^o '°°(^p(^o); K") where 
^i-a e C^iBpixQ)) satisfies = 1 on B5p(a;o), 05 = on Sp(.xo) \ S2ip(xo) and 
IjVc^^lloo < 1^ for some c' > (which does not depend on (5 and p). By an easy 
computation we have for every e > 



/ / (-, Vuf (x)) dx < c\B2Spixo) \ Bsp{xo)\ (1 + sup ||V 

JB.ixo) ^£ ^ \ e>0 



UeWoo + \Vu{xq)\ 



+ Cc'\B2Spixo) \ Bsp{xq)\\\Us ~ Uolloo 

-f c\Bp{xo) \ B2Sp{xq)\{1 + |V?i(xo)|) 



Bp{xo 



f[^,Vu,ix) 



dx. 



Taking into account 

(3.6) liminf liminf liminf 7—- — -7 / f ( —,\7ut(x)] dx 
P^o 5^1 c^o |Bp(xo)|7s,(xo)^£ ^ 

< 



^^"^ u] \ i f (-,'^Ue{x)) dx ^ g{xo). 

P^Oe^O Bp{xo) Jb,{xo) ^ 
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Using subadditive arguments (see for instance |AM021 Appendix B]) 
H/(V7/(.To)) - lim ^ inf ^ ^, / f{x,Vu{xo)+Vcj)[x))dx 



'^^"0e<'~(iBp(:.o);R") h 

<liminf^ [ f (-,\7ul(x)) dx 

We deduce by taking account of p.6p that 5(2:0) > 7^/(Vu(a;o))- 



Proo/ of dSS]). To have ([Xl]), apply Lemma O below with £>=M™^'^, C/ = rj 
and j = /. 

The following lemma is extracted from |Mtil87[ p. 195]. 

Lemma 3.1. Let T) C M™^'' be a set. Let j : n x M™^'' [0,+oo] be a 
Borel measurable function, Y -periodic with respect to its first variable and satis- 
fying £ L^ci^''') for all £_ e T). Let U C be an open set. Let w S 
Aff(J7;R™) be such that Vw(a;) G D for almost all x e U. Let r e [0, +oo[. 
There exists {we}e>n C w + '°°(C/; M") such that ^ w in VFi'°°(rj; R"), 
supg>o ll^^elloo < ||Vw||oo + and 



limsup / j ( — ,yws{x)) dx < / T-Lrj{^w{. 



x))dx. 



Moreover, if domj{x,-) C i?i?(0) for all x G M'' and some R> then there exists 
a subsequence (not relabeled) {we}e>o C w + Wq '°°(C/; R™) such that ^ w in 
L^{n;W"), and 

limsup / j (—,Vwi;{x)] dx < / 'Hj{\7w{x))dx. 
e-i-O Ju ' Ju 

Proof. Let r G [0,+oo[. Assume that w is such that Vw = ^ a.e. in V, where 
^ G 2) and C is an open set. Let s G N*. There exists G N* and 

(j)s G Wo'°°(nr;R™) with \\V(f>s\\oo < r, be such that 

4/ jix:i + yMx))dx <nr3iO + -- 

'^s JnY ■S 

Let ]0, +oo[9 £; as ^ — +00. Consider Vi^s — U{e;(z + UgY) : z G Z'^, ei{z + 
UgY) C V} and define 



S,x + ei<j)s ( ^ ) if a; G V;,s 



Cx if a; G y \ Vi^s 

where we have denoted again by (j)s the njF-periodic extension in M"* of (j)s- We 
have G + Wo'°°(F;M™), w;,^ ^ f in VFi'°°(V^;R'") as Z ^ +00, and 

(3.7) sup||Vu;/,,||oo < llell +?•• 

Let a cube e{z + UsY) C V;_s, by a change of variable and periodicity 
/ j(-,\7wi^s{x)]dx = e'' j{x,^ + W(l)s{x))dx 

Je{z+nsY) / Jn,Y 

= \ei{z + nsY)\\ j{x,^ + VMx))dx 

Jn^Y 

< \ei{z + nsY)\ (nrj{0 + - 
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It follows that 



Then 



J [ -,\7wLs{x) ] dx < \Vi,,\ [ -HrM) + 



j ( — ,^ ) dx. 



J^j (^|, Vu;,,,(x)^ dx < \Vi^s\ (UrjiO + 
Using periodicity and lini/_>._|-oo \V \ Vi,s\ — 0, we obtain 

limsup / j (-,\/wi,s{x)] dx < \V\ [HrjiO + - 
Letting s — > +00 

(3.8) limsup limsup / j ( —,Vwi,s{x) \ dx < iVlHrjiO- 

i-s-foo Jv J 

By compactness imbedding there exists a subsequence (not relabeled) {wi,s}i>i C 
+ W^o^°°(F;R'") such that wi^s k in L^n-M"'). Thus 

(3.9) limsup limsup \\wi^s — — 0. 

s— >+oo ;— J.+00 

A simultaneous diagonalization of (13. 8p and p.9p together with the uniform bound 
(|3.7p give a sequence {w;};>i C + Wo'°°(F;M™) such that 

wi^l^ in W^'°^{V;R"') and sup || Vi^HU < HCII + ^, 

i>i 

limsup / j ( -,Vw,(a^) ) dx < \V\nrj{0- 

l^ + OD Jv / 

Now, let w e Aff(f/;R™) be such that Vw{x) G £> for almost all x e U. There 
exists a finite set / such that Vw(x) = £,i a.e. in Vi where £,i € M™^'', Vi C U is 
open and z G /. Therefore 

/ H.j(Vt«(x))da;- V|l^,|7^,j(e^)- 

For every i G / there exists {wlj^^o C Zj, + Wq'°° (Vf^W^) such that 

r inM^i-°°CK,;M'») and sup,>o II V<||oo < 11^.11 + 

i limsup/ j(-,V<(x))dx< |y.|H.j(C.) 

I. e^O Jv, ' 

For any e > 0, set — w\ — l^^ on Vi for all i € then G Wg^'°°(?7;R™) and 
i;e ^ in W^'°°{U;W^). Define = t^e + w G w + '°°(C/; R") for aU e > 
then ^ w in W^^°^{U;W^), sup^>o ||Vwe||oo < ||Vw||oo and using (|XTU|) 

limsup j j , Vwe(x)^ — limsup j j (^ — ,Vv^{x) + Vti;(x)^ 

= limsupy^ / j { — ,Vwl{x)\ dx 

limsup / j ( — ,Vwl{x)] dx 

7ti -^^^ ^ 

< V mnr]i^^) = / H.j(Vu;(x))dx. 

Let us prove the second part of the lemma. Let w G Aff(ri;R™) be such that 
Ju 'Hj{yw{x))dx < +00. Since domj(x, •) C i?i?(0) for aU x G R'', we have HrJ = 
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Hj. Let {u;e}e>o C w + W^'°°{U;Mr) be such that w, w m VKi'°°(?7; M") as 
sup^^Q ||Vwe||oo < -R + 1 1 Vw I loo and 

limsup / j { — ^yw^{x)\ dx < / Tij {yw{x)) dx. 

By compactness imbedding theorem in i^(L/;M'"), there exists a subsequence 
{we}e>o C u; + W^o'°° such that ^ w in L^{U]W^). 

□ 

Proof of quasiconvexity ofHf. It is easy to see that r 'Hrj{-) is nonincreasing 
and for every ^ G M™^'' 

(3.11) inf H.j(0= lim 7^,.j(0 = 

Let ^ G M™^'* and G Affo(F;M'"). Denote again by (j) the F-periodic extension 
to of 0. Let {m„}„>i C Afr(f];]R™) be defined by M„(a;) ^ ^x + ^^(na;) for all 
X en. By periodicity, u„ ^ in M^i'°°(rj; R"). Let r > 0. For any finite r, Gr 
is sequentially weak* lower semicontinuous in W^'°° {fl-jM."^). Using periodicity and 
the fact that sup„>j |iVu„||oo < ||^|| + ||V(/)||oo, we deduce 

MnfiO < Gsik) < liminf G,K) < liminf i/,,+ ||v„„|uK) 



n-^-\-oo n— 



< lim / Hrf iC + y(l}{nx))dx 

7l—>--\-00 



- \n\ j^Hrf{i + Vct>{x))dx. 

where s = r + ||,^|| + || V0||oo- Letting r -> +cxd we obtain 

nfio < I + vc^{x))dx, 



JY 

hence ZT-Lf — Hf. Since Hf is finite and Lemma [TTTl it follows that QHf — Hf. 
□ 

4. Proof of Theorem 11.11 and 11.21 

4.1. Proof of the F- lim inf^^o le and F- lim inf£_yo Je- We only give the proof 
of the lower bound for I^, the same proof works for Jg with the necessary changes. 
It suflices to show that for every u G iyi'°°(f7; E™) 



r-liminf/e(u) > / nW{Vu{x))dx 
e^o Jn 



Without loss of generality, we can consider u,{u^}^^q C W^'°° satisfying 
Ue-^uin Li(^2;E™) and 

sup/e(we) < +00 and lim/e(uj) = liminf /^(ue). 

Since domW(a:, ■) CC for all x G R'^, the sequence {S/Ue}e>o C L°°(f7; M™^'') is 
bounded. By Poincare-Wirtinger inequality, for some C > 0, we have 

sup ||Us||oo,0 < C" I -7^7 sup ||Me||l.n + SUp || Vu^ || oo.n 
£>0 L l"l e>0 e>0 

Since — > u in L^{fl; M"'), we have sup^^g ||ue||i_si < +oo, it follows that {ue}e>a C 
W^'°° (n-.M."^) is bounded. Thus, there exists a subsequence (not relabeled) such 
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that Ue in W^-'°°{n;E."^). Using Theorem Qp)] and Theorem O (EH) with 



hminf /e(ue) > hminf / Wn (-,VuJx)) dx > / nWn (Vu(x)) dx, 

for all n e N. We finish the proof by using monotone convergence theorem and 
Theorem Opi)| □ 

Remark 4.1. For the proof of F- lim inf e_).o Je instead of Poincare-Wirtinger inequal- 
ity we can use Poincare inequality since the zero boundary conditions (note that in 
this case it is not necessary to assume that is connected) . 

4.2. Proof of the T- limsup^_j.Q and T- limsup^_^g J^. By an easy adapta- 
tion of Lemma 3.1 in |AHM08j (see also |AHM07] . |AHM06) ) we have 

Lemma 4.1. Let f : M™^'* — !> [0, +oo] be a Borel measurable function and U CM!^ 
be a bounded open set. Then for every u e AS{U ; R™) 

inf ilimsup / f{Vun)dx : u + Affo(C/; R") 3 w„^w m W^-°°\ < [ Zf{\/u)dx. 

[ n->+oo J(J J Ju 

The following approximation result is needed for the proof of the F- lim sup, see 
for instance |DM99[ Theorem 10.16 and Corollary 10.21] or [AHlOi Proposition 
5.1.] for a proof. 

Lemma 4.2. Let K C M™^'' be a compact convex set with £ intif. Let t G [0, 1[ 

and u G VFi'°°(r2;R™) be such that 

Vu{x) G tK a.e. in fl. 

Then for every integer n > Y~i ihere exist Un G VF"'^'°°(r2; R™) and an open set 
rin C such that 

(i) UnLn„G Aff(r2„;R™) and Un = u on dfl; 

(ii) \\un - u\\i,p,n < n^^ for all p G [l,+oo[; 

(iii) Vun{x) G t H ] K a.e. in ft; 

(iv) \n \ fi„| < - and |af^„| = 0. 

Now, we are able to extend Lemma 13.11 to Lipschitz functions with gradients 
compactly included in C by using Lemma [ 



Proposition 4.1. Assume that (Hi) and (H2) hold. Let u G T^i'°°(f); R") and 
t G [0, 1[ such that 

Vu(a;) G tC a.e. in VL. 

Let {e^lsGN* be such that liuvs^+oo^s = 0. Then there exist sequences {Ts}sefi* C 
[0, 1[ and {us}sen' C + 1^0^°° (f]; R™) such that [0, 1[9 ^ 1 as s — > +CXD 

Us ^ u in L^ and limsup / W { — ,^Us{x)\ dx < / Z'HW{yu{x))dx. 
s->-|-oo Jn V^s / Jo 

Proof. Let {eJ^eN C]0, -|-oo[ be such that lim^^+oo = 0. Let u G W^i'°°(fi; M™) 
and t G [0,1[ such that Vu{x) G tC a.e. in ft. By Proposition 14.21 there exist 
{wnlneN* C W^'°°{n;W^) and a sequence of open sets {r2„}„gN* , C such 
that for every integer n > (1 — t)^^ 

o u„ln„€ Aff(f2„;M™) and ii„ = u on dfl; 

o \\un - wlli.p.o < for ah p G [1, +oo[; 

o VM„(a;) G (< + n^^)C a.e. in il; 
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o \n\ < and {d^nl = 0. 

We assume, up to a subsequence, that Vu„(-) — > Vu(-) a.e. in fl and Un ^ u m 

as n ^ +00. Choose rit G N* in order to have 

. 1 l+t ^ 
t+— <\. 
nt 2 

Let n > nt, then VM„(a:) £ ii^C a.e. in rj. Set Mt = sup{ZHVK(0 : f e 
which is finite since Lemma r5.1l|(iv)[ Since Vun{x), Vm(x) e -'y^C a.e. in il for all 
n'>nt, using continuity of ZTiWlintc (combine Lemma 11.21 and Lemma l5.1l|(vi)| , 
and Lebesgue dominated convergence theorem, we obtain 

(4.1) limsup / ZHW{\/Un{x))dx < [ ZnW{Vu{x))dx. 

By Lemma |4. 11 for every n > nt there exists {wm,n}meN* C u„ + Affo(il,i; M"') such 
that Vm,n Un in W^'°° as m — !■ +00, and 

(4.2) limsup/ HW{\/vm,n{^))dx < I ZnW{\/Unix))dx < Mt\n\. 

By compact imbedding theorem for every n > nt there exists a subsequence (not 
relabeled) Vm,n — >■ Un in L^(ri„) when m +00, and by (j4.2l) we can assume that 
Vw™,„(-) € domUW. 

Let n > nt, m e N and r € [0, 1[. We have TVm,n e rtin + Affo(il„;M™) 
and rVvm.ni:) ^ '''C' C intC a.e. in r2„. By Lemma [3.11 there exists a sequence 
{<m,n}sm C Tv^,n + W^q '"^ ; I^") ^uch that u^^^^ ^ Tv^,n in Li(r!„;M™) 
when s — >■ +CX), and 



limsup / 

s— S-+00 Jo,, 



Let {Ti};gN. C [0,1[ be such that lim;_j,+oo — 1. By Corollarv 15.11 fi) for every 
I > 1 

' Jn„ 

Fix I > 1. We deduce that there exists {us!m,n}seN C r/w,„^„ + Wo^'°°(il„; M™) such 
that ul^rn.n ~^ TiVm^n in i""" (il„ ; M™) whcii s — > +CXD, and 

limsup / ( — , V<;„.„(x) ) < i + / -HTy(Vi;™,„(a;))da;. 

s^+oc Jo„ V^s ' / ' Jo„ 

Set Us,m,n,i = In„<!,„,„ + Io\o„T-/"ri G T/u + Wq '°°(rj; M™), whcre 

Is(a;) 

for any 5 c K''. We have 





if X e S* 




if X ^ 5 


1 dx - 









limsup-^ / W ( —,\/Us,„i,n,iix)] dx ~ / ( — , Vms,„,„,/(x) ) dx 



< 7 + / HW^(Vw™,„(x))dx. 



Set Ms^i = J^snp{W{-^,() : ^ G TiC'jdx, by (H2) and periodicity 
Mi = lim Ms,i^\n\ I sup{W{x,^):^eTiC}dx. 

s— S- + 00 Jy 
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We have 



We deduce 



W ( — , VMs,m,n,/(a;) ) dx 



n 



lim sup lim sup / w( — ,^Us,m,n,i{x)\ dx < —Mi + - + j Z'HW{'Vun{x))dx. 



Using (|4.ip . we obtain 
(4.3) 



lim sup lim sup lim sup lim sup / wi — ,'^Us^m.n,i{x)\ dx < I Z7iW{Vu{x))dx. 



We also have for every s>l,m>l,n>nt and I > 1 

\Us,m,n,l{x) - U{x)\dx < / \Us,„i,n,l{x) - U,n,nd{x)\dx 



+ / \Urn,n,l{x) - TiU„{x)\dx + j \TiUn{x) - Tiu{x)\dx 

Jn 

+ / \tiu{x) — u{x)\dx, 



n 



where Um,n,i = ti (la^w,,,..,! + Io\si„''^ii)' Letting s +oo, m — > +00, n — +00 and 
Z — > +00, we obtain 

(4.4) lim sup lim sup lim sup lim sup \\us,m.n,i — w||i,n = 0. 

Z— »+oo n— ^+00 m— >+oo s— )-+oo 

Diagonalization arguments applying to (14.31) and (|4.4p give a sequence {ms}s>i C 
+ WQ^'°°(r2; R™) with s Tjf^-) a subsequence of {T;};gN* such that 

limsup [ W ( — ,\7us{x)] dx < [ ZnW{\7u{x))dx 

^ s->+oo Jo J Jn 

Ti{s)U + Wl'°° 3 ^ M in as s +00. 

□ 

4.2.1. Proof of the r-limsup^^Q and F-limsupg^Q Jg. The proof of the upper 
bound follows by using Proposition l4.11 the following lemma, and Theorem ll.3l For 
simplicity the following lemma is stated for J^, however it is working for Jg with 
the necessary changes. 

Lemma 4.3. Assume that (Hi) and (H2) hold. If for every u G W^'°°(0;M™) and 
t E [0, 1[ such that Vu{x) G tC a.e. in 57 it holds 

r-limsup/e(M) < / ZUW{\/u{x))dx. 

e-i-O Jo 

Then for every u e VFi'°°(rj; R") 

r-limsup/e(M) < / ZTiW{Vu{x))dx. 

e^O Jo 

Proof. Without loss of generality, assume that 



/ ZVW{Wu{x))dx < +00 
Jn 



with u e W^'°°{fl;R"'). We deduce that \/u{x) e C a.e. in fl by Corollary EIH 
Let n > 1. Set u„ = (1 - i)u e VFi'°°(f7; R™), then m„ u in L^. By l.s.p., 
it holds that Vun{x) £ (1 - i)C C intC a.e. in f2. Let e > 0. By Corollary 
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15.11 there exists > such that for every ^ G C and t G [0, 1[, if 1 — t < 77 then 
ZHW{t^) < ZnW{^) + s. Choose Ue G N* such that 1 - i < for all n > n^. 
Thus, for every n > 

r-limsup/e(u„) < / ZnW{Vun{x))dx <e\n\+ I ZnW{\/u{x))dx. 

Letting n — ?► +00 and using the sequential lower semicontinuity of F- lim sup , 
we deduce 

r-limsup/e(u) < e|0| + / ZnW{\/u{x))dx. 
Since e > is arbitrary, we obtain the desired result. □ 

5. Consequences of line segment principle and proof of Theorem 11.31 
5.1. Some properties of TiW and 2'HW. 
5.1.1. Some consequences of line segment principle. 

Lemma 5.1. We have 

(i) For every increasing sequence {inlneN* C [0, 1[ satisfying lini„_++oo tn = 1, 
it holds 

intC= U U andmtC= [j tintC = [j t„intC. 

te[0,l[ nSN* «e[0,l[ nSN* 

(ii) If K C intC is compact then K C tintC for some i G [0, 1[. 

(iii) The function W is locally hounded in intC if and only if 

sup{iy(-,0:ee<C}GLi~(M^) 

for all t G [0,1[ . 

(iv) Assume that (H2) holds. For every t G [0, 1[, it holds 

su-p{HW{i) : ^ G iC} < +00. 



(v) Assume that W is locally hounded in intC. Then (H3) holds if and only if 
there exists an increasing sequence such that [0, 1[3 tn — > 1, and for every 
n >\ and every x G K'' 

mf _W{x,C} > n. 

(vi) Assume that (H2) holds. Then 



intC C domnW C domnW C C and intC C domnW C domZnW C C, 
int(domHW^) = int(dom'HVK) = int(domZ7^VF) = int(doniH/(x, •)) = intC a.e. in Y. 



Proof. Items (i) and (ii) are direct consequences of l.s.p., see [AHlOj for a proof. 
Item (iii) is a consequence of (i)] (ii) and (H2). Item (iv) follows by using (iii) 



(5.1) 



sup Hiy(C) < / sup_W{x,£.)dx < 



The proof of item (v) is given following the lines of the proof of Lemma 2.1. (iv) 
in [AH 10] . By (H3), we can find a sequence of compact set {Kn^ni^n- C intC such 
that for every x G M'' 

C U 

neN* 



Ki C K2 C ■ ■ ■ C Kn C ■ 



and _inf W{x^ ■) > n for all n > 1. 

C\K„ 
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Thus inf^y^ W{x, •) = +00 for all x £ M''. Assume that Koo 7^ intC, then 
there exists ^0 G intC \ Koo such that W{x,£^o) = +00 for all x £ W^, which is 
impossible since (H2). Thus K^o = intC. By (ii) we can build an increasing 
sequence {tn}n&i' C [0,1[ such that Kn C <„C for all n € W. It follows that 
intC — Koo — U„>it„C and therefore the sequence t„ — t- 1 as n ^ +00, indeed we 
cannot have r = sup„>]^t„ — linin-i.+oo < 1, otherwise, by l.s.p. intC C rintC 
which is impossible since intC ^ 0. We also have for every n 6 N* and every x 

mi _W{x,C) > inf W{x,^) > n. 
5eC\t„c ?ec\K„ 

The other implication is easier. Let s > 0. Let n > s and choose K^ — tnC then 
in%^^^ W{x, •) > n- > s for aU x e W^. 

Let us prove (vi) Let ^ e intC then there exists t G [0, 1[ such that ^ e tC. By 
definition of HW and (gH) 



HW{0 < HW{0 < +00 and ZHWi^) < HWi^) < +00. 

We deduce 



intC C domHT4^ C domnW and intC C doniHW^ C domZnW. 



It remains to prove that domHW C C and domZ'HW C C. For each n £ N, 
consider the function dn : M™^'* [0, +oo[ defined by = ndist($,C). It is 

easy to see that d„ is lower semicontinuous, convex and then quasiconvex by Jensen 
inequality, and d„ < W for a ll n £ R Thus d„ < HW and d„ < ZHW for all 
n £ N, and the inclusions domHW C C and domZHW C C follow since 



supd„(^) 



if C e C, 

FcxD otherwise. 



The third sequence of equalities follows by applying l.s.p.. The proof is finished. □ 

5.1.2. Extension of radially uniformly upper semicontinuous functions. 

Definition 5.1. Let U C R'^ be a measurable set. We say that f : U x M"''"^ -J> 
[0, +00] is radially uniformly upper semicontinuous (r.u.u.s.c.) in A C M™^"^ if 

(5.2) Ve > 37? > V(a:,C) £ UxAVt £ [0, 1[ 1-t < =^ f{x,t^) < f{x,^)+e. 

If f does not depend on x, it is r.u.u.s.c. in A if x is removed in l|5.2p . 

Here is an extension result for r.u.u.s.c. functions. 

Proposition 5.1. Let D C M"^'' be a set and let f : M"^'^ [0, +00] be r.u.u.s.c. 

m Z? C M"^^. Assume that 

(i) tDcD for allte [0,1[ ; 

(ii) / is lower semicontinuous in D. 

Then there exists f r.u.u.s.c. in D .such that f = f in D. Moreover f is given by 

( /(O if^eD 

[ +00 otherwise. 
Proof. Using Lemma we define / : M'"^'' [0, +00] by 

if e e 

m)^} , lim fm ifee9^ 

■' ^'^^ \ [0,l[9t->l 

otherwise. 
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We have to show that / is r.u.u.s.c. in D. Let {r„}„gN C [0,1[ be such that 
Uni„_j.+oo Tn = I. Let £ > 0. There exists 77 > such that for every n e N, every 



t E [0, 1[ and ^ G Z) it holds, by taking account of (i) 



Since (ii) and by Lemma lOl we deduce for every t e [0, 1[ and ^ G D 

l-t<r, =^ fitO < hminf /(tT„e) < hminf /(r„0 + s = /(C) + e. 

The proof is complete. □ 

The following lemma is essentially due to Wagner (see |Wag09| ) . 

Lemma 5.2. Let f : M™'''' [0,+oo] be r.u.u.s.c. m D C M™^'*. If^ 
Proposition \5.1\ holds then for every ^ G dD 

(5.3) limsup /(^O = liminf /(i^) e [0, +00], 

[0,l[9t^l [04[3i^l 

In this case, we will denote by lim[o,i[9t-!.i /(^O the right or the left hand term in 
the inequality (j5.3p . 



Proof. Let ^ G dD. Set A = limsup[o.i[3t^i /(^C) and fi = liminf [o.i[3t^i f{t^). If 
H = +CX) then 

X = u = lim f(t£,) = +CXD. 

[04[3t->l 

Assume that fi < +00. We have two possibilities, either A = +00 or A < +00. 

Suppose that A = +00. Consider two sequences {injneN*, {^nlneN* C [0, 1[ such 
that i„ — ?> 1 and t„ — >■ 1 as n — s> +00 satisfying 

A = lim f{tni) and /i = lim f{TnO- 
We can find two increasing functions a, a' : N* ^ N* such that for every n G N* 

1 < ta(n) < Tcr'{n) < 1- 

Let e > 0. There exists A'o G N* such that for every n > A^o it holds 

(5.4) f{Un)0 > 1 + e + /i and \f{T^'in)0 - lA < f • 

Since / is r.u.u.s.c. in D, there exists 77 > such that for every ^ G D and every 
t G [0, 1[ it holds 

(5.5) l-t<rj =^ f{tO<fiO + ^- 
Choose an integer n > max{2, A^o, ^7^^}- Then it holds that 

(5.6) r<,,(„) > and 1 - < 77. 



Therefore, by ((g^ . ([5^ . ((53|) and [(1)] we obtain 

- (/ (^r^'H^) - /(r.'(„)0) + /(t.'hO < e + a*, 

which is impossible. It means that if /i < +00 then A < +00. 

Now, we will show that in this case fi — X. Consider {tn}„eN*, {'''nljieN* C [0, 1[ 
such that tn 1 and t„ — > 1 as n — )> +00 satisfying 

A = lim f{t„i) and /i = lim f(TnCj- 
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As above we can find two subsequences such that for every n € N* 

1 < ta{n) < Ta'(n) < 1- 

Let e > 0. There exists A'o <E N* such that for every n > No it holds 

(5.7) \fiUn)0 -M<1 and |/(t,,(„)0 " mI < |- 

Since / is r.u.u.s.c. in D, there exists 77 > such that for every ^ G D and every 
t G [0,1[ it holds 

(5.8) l~t<rj f{tO<f{0 + l- 
Choose an integer n > max{2, No,ri~^}. Then it holds that 

(5.9) r<,,(„) > and 1 - ^^luL < ^. 



Therefore, by ((??7)) . ([53)1 . ((5^ and [(1)] we obtain 

0<A-^ = A- .f{ta{n)S.) + f{ta{n)0 - f (.Ta' {n)0 + f [t^' (n)S.) - M 
^ 2e ^ ^ f t„(n) 



'cr'(n) 

The proof is complete since e > is arbitrary. □ 



Remark 5.1. Here are some consequences of Proposition ISTTI 

(1) The extension / in Proposition 15.11 is lower semicontinuous in D. Indeed, 
let ^ G I? and {CnlneN C be such that ^„ ^ as rt — > +cxd. Assume 
that liniinf„_j.+oo /(Cn) < +00 (otherwise there is nothing to prove). Let 
e > 0. There exists 77 > such that for every t G [0, 1[ and n G N, 



fit^n) < fiS,n) + £ whenever 1 ~ t < rj. Therefore, using (i) and (ii) 
liminf /(e„) + e > liminf /(tf^) > /(tO. 



Letting t ^ 1 and e — 0, we obtain lim inf „_>.+oo f{£,n) > fiO- 
(2) As a consequence of (1) the extension / in Proposition 15.11 is radially 
continuous in D, i.e., for every ^ G D 

hm Tm^m- 

[0,l[3t^l 

Corollary 5.1. Assume that (Hi) and (H2) hold. Then 

(i) HW and ZHW are r.u.u.s.c. in their domains ; 

(ii) ZT-LW admits a r.u.u.s.c. extension in C denoted by ZT-LW which is given 
by 

{ZnW{£,) z/^GintC 
^^hm^^ZW(tO 
+00 inic. 

Proof. Let us prove (i) Fix e > 0. Since (Hi), there exists 77 > such that for 
every t G [0, 1[, x G M^nd ^ G domW{x, ■), such that 

(5.10) l-t<ri=^W{x,t£,)<W{x, £,) + £. 

Let ^ G donvHW. There exist uq > 1 and 0o G Wo°"{noY;W^) such that 

(5.11) +00 > W(e) + I > ^ / Wix,^ + V(l)oix))dx. 
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It follows that ^ + V(/)o(x) £ domVF(x, •) a.e. in noY . Using (IS.lOp . we have 

W{x, + V0o(x))) < W{x, C + V<^o(a;)) + | a.e. in noY, 
for ah t & [0, 1[ such that l-t <r]. Then 

W{x,t{C + ^Mx)))dx<^ f Wix,^ + yMx))dx + ^ 
and by (|5.1ip . we have 

nw{ti) <W w[x, t[i + ^^Q[x)))dx < nwio + e 

JnoY 

for all f G [0, 1[ such that 1 — i < Using the same type of arguments and that HW 
is r.u.u.s.c. in domT^VF, it is easy to show that ZHW is r.u.u.s.c. in domZHW . 
By |(i)[ Lemma 15.11 (vi) and Lemma 11.21 ZHW is r.u.u.s.c. in intC and is 



continuous in intC. The proof of (ii) follows by applying Proposition 15. 11 □ 

From Corollary 15.11 Lemma 11.21 and Theorem 11.31 we deduce 

Corollary 5.2. Assume that (Hi), (H2) and (H3). If there exists a convex function 
■0 : M"^'' ^ [0, +00] satisfying 

o W{x,0 > ^(0 for all (x,^) e x M™^'*; 
o limsup[o ^jgf^i V'(*C) = +00 for all ^ G dC. 

Then HW is quasiconvex and continuous, and for every ^ £ f^nixd 

izHWiO j/CeintC 
1 +00 otherwise. 



HWiO 



5.2. Proof of Theorem 11.31 We will divide the proof of Theorem 1.2 into two 
steps. Roughly, in the first step we construct a nondecreasing sequence {W„}nGr}* 
("K-periodic with respect to its first variable and whose supremum is equal to W) 
such that HWn is of linear growth for all n > 1, and in the second step we prove 
that the supremum of HWn is equal to HW. 

The following lemma is a particular case of |Miil991 Theorem 4] which is a gen- 
eralization of a K. Zhang result ■Zha92. by S. Miiller. 

Lemma 5.3. Let K C M™^'* he a compact convex set. Let C K'^ he a hounded 
open set with Lipschitz houndary. Let {0n}neN C W^'°°{fl;M."^) he a sequence 
satisfying 

(j>n ^ (f>^ in L'^in^W') and / dist(V(/)„(x), ii')dx 0. 

Jn 

Then (j)n (j)oo in W^'^ and there exists {ipn}neti C W^'°°{ft;W^) such that 
i^n = (t>oo on dfl 

\{x(£n: V(/)„(a;) ^ VV'„(a;)}| ^ 

||dist(vV'„,i^)lL,i,^o. 

We will need the following lemma in the Subsection 15.2.21 see |AH101 Lemma 
2.8] for a proof. 

Lemma 5.4. Let r > 0. Let p > be such that pB C intC, with B = e M'"''^ : 
1^1 < 1}. Then 

|e e M"^"^ : dist(e, C) < p^} C (1 + r)intC. 
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5.2.1. Construction of the nondecreasing sequence. Consider the sequence {tn\n&i' 
given by Lemma 15.11 (iv) For each n e N* , we set 

vVnKx.i,, \ n(l + dist(e,C)) liiitnC, x^W^. 

By (H2), it holds for every ^ G M"^'* and n e N* 

f sup W{x,C} ii^^etnC, X eW^ 

Wn{x,^) < l^euc _ _ 

yn{l + diam(C))(l + |^|) if ^ ^ i„C, x e R'^. 

Set a„ — max I II sup^g^^^ W{-,^)\\oo,n{l + diam(C))| where diam(C) — sup{|^ — 

CI : e C}. It follows that Wn{x,^) < a„(l + |^|) a.e. in M"*. Therefore, for 
every ^ e M™^'' and every n e N* 

<an(l + |ei). 

Since W{-,^) is F-periodic for aU f G M™^'', Wni-,0 is i^-periodic for ah n e N* 
and ah ^ G M™^''. _ _ 

Let n G N*, we will show that Wn < Wn+i- By l.s.p., we have i„C C in+iC* C 
intC. Let ^ G M"^^ and x G M'', 

o if e G <„C then Wnix,0 = = 

o if ^ G tri+iC \ ^nC* then, by Lemmar5.1l|(v)[ we obtain 



Wnix,C)=n{l + dist{^,C))^n<W{x,0 = Wn+iix,0; 

o if ^ ^ tn+iC then 

W^„(a:,e) =n(l+dist(e,C)) < (n+l)(l + dist(e,C)) =M/„+i(0 < W{x,^). 

Hence Ty„ < Wn+i < W and then HWn < UWn+i < UW . 
Thus {'HWn}neH* is a nondecreasing sequence satisfying 

(5.12) nW,,{i) < a„(l + Id) and W„(e) < W(e) 

for aU ^ G M™^^ and n G N*. We set ['HW]oo = sup„gN. HWn which is lower 
semicontinuous since each T-LWn is continuous {T-LWn is finite and quasiconvex by 
Theorem l3.1l then by Lemma [L2l together with Lemma Fl. II it follows that T-LWn is 
continuous). 

5.2.2. Approximation of HW . Set [HM^]oo = sup„gN. ■Hiy„, then, by (|5.12L it 
holds that ["HVFjoo < HM^ and since [HM^]oo is quasiconvex 



(5.13) [nW]oo < QUW < HW. 



Now, we will show that [nW]oo > HW. Let ^ G M"^'' and fc G N*. Without loss 
of generality, we may assume that [HVF]oo(C) < +00. Note that by a change of 
variable for every n G N* 

(5.14) nWniO = inf inf | / Wn{sx,^ + V(t>{x))dx : 4> G 1^0'°° (F; M™) 

By dEHl), it holds that for every n G N* there exist cj)^^ G W^'°°{Y] M™) and sj^ G N* 
such that 

+ [W] 00(C) > / W^(s^a;,C + V0^(a;))da; + n / dist(C + V0:;(x), C)(ix 

+ n|r\v4:;| 
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with = {a; e y : C + V0,';(a;) £ t„C}. We deduce that 
(5.15) hm / dist(^ + V0^(a;),C)dx = 0, 



Y 

k I 



(5.16) hm |y\A,^;i = o. 

n^+oo 

Since for any C G M"^'' it holds that |C| < diani(C) + dist(C,C), ([5J5)) iinphes 
that + V(/>^}„gN' is bounded in L^(F;M™^'^). Using Poincare inequahty and 
compact imbedding of W^''^{Y\W"'-) in L^(F;R™) we deduce that there exists a 
subsequence (not relabeled) {0^}neN* converging in L^. Applying Lemma [5.31 we 
can find a sequence {V'^jngN* C VFo^'°°(y; R™) such that 

(5.17) lim Ija; e y : V(/)^(x) 7^ VV'^;(a;)|| = 0, and 

(5.18) lim ||dist(e + V7A,';,C)|U,y =0. 

Let /9 > be such that p'B C intC, where ;b = e m"^'' : |^| < 1}. By ((5l^ . 
there exists a(fc) £ N* such that for every n > cr(A:) 

||dist(e + VV^C)||oo,y<^. 

We construct cr : M* ^> N* in order to obtain an increasing function of k. By 
Lemma [531 we deduce ^ + Vipni^) G (1 + i)iiitC a.e. in Y for all n > a{k). 

For each / e N* we denote by Mi{-) = sup{VF(-,C) : C e ^i^} G -^{^^(K'*) which 
is y-periodic. Since Lemma [5TT] (iii)[ we set 



Ml = j Mi{x)dx < ||M;||oo,Y < +00. 
By (|5.16l) and (|5.17p . there exists S{k) > 1 such that for every n > d{k) 
max{|{xey: V0^;(a;)^VV.^(x)}|,|y\yl^|} < ^ 



Now, we take n > ma.x{6{k),a{k)} then 



max{\B%\Y\A'^\} <-J. and Tfe(e + V^^(x)) £ intC a.e. in y, 

where = | {x G y : V^ix) # VV',';(a;)} | and - Set G^; = U y \ A^, 
we have that |Gj;| < (2fcM^(fe))-^ Then it holds 



W{s^„x,t,^k)rki^ + y€i=^)))dx 

Wisf^x^t^^kM^ + '^^nix)))dx + f W{s':^x,t,^k)rk{^ + V^'^{x)))dx 

G'k "'("^\-B^)nA,'-; 

<\Gl\ sup W{slxX)dx+ W[s^^x,t,(k)Tk{^ + ^4'n{x)))dx 



At 



<|G^|M,(fc)+ / W-(sf,a;,t,(fc)rfc(e + V<(a;)))da; 

-ik^ L ^^'n^^^-C'M^ + ^'I'nimdx. 



By convexity of the distance function, we deduce from (|5.15p that ^ G G. The l.s.p. 
implies that tcr(k)Tk£, G intG. Using (|5.14p . we deduce that for every A; G N* and 
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every n > max{(5(/c), c(fc)} 

(5.19) nWit^^kM) + J^^ ^i^nX' UkMi + V0^(a;)))dx. 

with Ai = {xeY V(f>Ux) e tjj}. 

Let s e N*. By (Hi), there exists rys > such that for every t € [0, 1[, every 
X € R'' and every C £ intC if 1 - t < 77^ then W{x,tC) < WixX) + 7- There 
also exists an integer kg > I such that 1 — to-(fe)Tfe < rjs for aU k > kg since a is 
increasing. Thus, if we take k > k^ then for every n > max{(T(fc), (5(fc)} 

1 



W{s'^X,t,^k)Tki^ + ^rnix)))dx 



< 



W{s'^x,^ + V(bUx))dx 



Hence, by 

(5.20) HW^(t,(fc)TfcO < - + T + ['H^UiO- 

On one hand, by (|5.13|) . letting k 



1 1 

s k 
-00 and then s 



which implies 
(5.21) 



nw = QHW = [nw]c 



On the other hand, by CoroUarv 15.11 and Remarks 15.11 (2) 



anWiO < liminf QHWit^^kM) ^ = limini ZUWit^^kM) 

fe— S- + 00 fe-> + oo 

< liminf W(t,(fe)rfeO 

A;— 

which implies when s — > +00 

(5.22) QHW < ZHW < [HW]oo- 

Combining (jg?^ and ([E^ 



HW = QHW = ZnW = [HW]oo- 

The representation formula for ZHW is given by Corollary [5Tj The proof is com- 
plete. □ 
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